A nonlinear Mitscherlich function was found to be superior to quadratic and square root functions in estimating yield response to nitrogen based on a Finnish sample of barley.
Introduction
The form of crop response to fertilizers is a controversial issue that has been debated for several decades. Economists have often preferred crop response functions that are smooth, concave and twice differentiable. Polynomial functions, especially quadratic and square root functions, have been commonly used. Quadratic specifications have been frequently used to estimate the crop response to nitrogen fertilizers. In Finland, for instance, Ihamuotila (1970) , Ryynänen (1970) , Luostarinen (1974) , Hiivola et ai. (1974) , Heikkilä (1980) and KETTUNEN (1981) have used the quadratic functional form in estimating nitrogen response.
Since the middle of the 19705, however, several studies have indicated that the use of the polynomial functions (particularly the quadratic function) is not very appropriate for estimating the nitrogen response or the economic optimum offertilizer use. Anderson and Nelson (1975) , Lanzer and Paris (1981) and Paris (1992a,b) have all shown that the quadratic functional form commonly leads to excess estimates of the most economic fertilizer use. Moreover, if more than one plant nutrient is included in the function, polynomial functions assume substitutability between the nutrients. Attempts to estimate the profitability of nitrogen fertilizer use by quadratic or square root functional forms may therefore lead to a biased estimate of the optimal nitrogen fertilizer dose.
In a recent attempt to determine the profitability of nitrogen fertilizers under Finnish conditions Laurila (1992) found the optimal nitrogen fertilizer application to be 153 kg N/ha. This estimate was based on an updated quadratic function originally estimated by HEIKKILÄ (1980) . In the light of previous criticism, it is possible that this figure overestimates thequantity ofnitrogen fertilizer cor-responding to the economic optimum. If this estimate is biased and used for extension purposes, this may lead to uneconomic fertilizer use. Furthermore, use of an excessive estimate of the optimal fertilization intensity for extension purposes may increase leakages of nitrogen to the waterways.
The primary purpose of this paper is to estimate the functional form of the nitrogen response. The functional form of the nitrogen response is ofinterest if economic incentives like nitrogen taxes or producer price taxes are applied in order to lower nitrogen appplication doses. RORSTAD (1992) has pointed out that the form of the production function, not the absolute profit maximizing level, is decisive when one investigates the effects ofadjusting application doses. A nitrogen tax, for instance, may lead to quite different losses for different functional forms of the nitrogen response. When a Mitscherlich or a square root specification of the nitrogen response is assumed instead of a quadratic functional form, the decrease in the profit maximizing nitrogen application level is likely to be of different magnitude. Since the quadratic function has been dominant in the analysis of nitrogen response in Finland, this particular form should be tested against other functional forms. Therefore, in this paper it will be examined whether a specification of the nitrogen crop response according to a Mitscherlich form of the production function (also called a Spillman function) leads to more believable estimates of the nitrogen response than those based on the quadratic and the square root functions. A nonnested hypothesis testing will be applied in order to answer this question. Nonnested hypothesis tests concerning the form of the response curve have been carried out by AckelloOgutu et al. (1985) , by Grimm et al. (1987) , by Frank et al. (1990) and by Paris (1992a,b) .
A secondary purpose of the paper is to estimate whether the optimal nitrogen application estimated by the quadratic form and the square root form substantially differ from an optimum estimated by the Mitscherlich form of the production function. Romstad and Rorstad (1993) have suggested another method for estimating ex ante profit maximizing fertilizer doses. Their approach, which identifies possible profit states, may provide a better method of estimating the expected value of perfect information. It should be stressed, however, that no attempt is made here to obtain exact estimates of fertilizer application doses to be used for fertilizer recommendations.
Production functions and conditions for profit maximization
The yield level of a crop is, in general, a function of several economic and biological inputs:
(1) y = f(X, S, I) where y = observed yield X = a vector of fertilizer nutrients S = a vector of soil type characteristics I = a vector of weather factors
Since this form of the production function is too general for estimation, soil characteristics and weather factors are assumed to be given. Omitting all nutrients except one, equation (1) can be specified as:
(2) y = F(xlX, S, I).
The optimal nitrogen application doses (i.e. profit maximizing nitrogen applications) can be derived from the first-order condition for profit maximization. Maximization of profit (net revenue) can be stated as (3) 7i(p,w) = max {py -wxly = f(x)).
x >o where n is the profit, p is the product price, w is the input price and f(x) is the functional form. The specification of the response appears as a constraint since the profit maximizing application dose is dependent on the functional form specified.
The optimization problem of the farmer can be written (4) Max n = pf(x) -wx X Differentiating with respect to the input x gives the first order condition (FOC) for profit maximization:
(5) dn/d\ = päf(x)/9x -w = O (6) 3f(x)/9x = w/p which states that at the profit maximum the marginal product equals the ratio between input and output price, x* can be solved for (7) x* = x(p,w)
As inputs can be assumed to be nonnegative we can impose the constraint x > 0. In order to guarantee that this optimum is a local maximum, the second order sufficient condition (SOC) d 2 n/d\d\ < 0 must hold. The specification of the quadratic, the square root and the Mitscherlich production function as well as the solutions to FOC/SOC for all the functionalforms are presented in Table 1 .
Estimation of production functions
The estimation of production functions depends, besides the particular application purpose, on a number of not so evident factors. Romstad and Hegrenes (1990) point out the following factors: I. Is time series data or cross sectional data used? 2. The form of the production function 3. Are the signs and magnitude of parameter estimates such that second order conditions are fulfilled? 4. Are the residuals varying systematically? Romstad and RORSTAD (1993) point out that heteroscedasticity does not cause problems regarding unbiasedness of the estimated parameters but may cause insignificant parmeter estimates. Autocorrelated errors are another form of systematic residual variation connected with time series. Originally suggested by Heady and Pesek (1955) , the polynomial crop production functions became the dominantforms used in estimating crop response to fertilizers in the 19505, 1960 s and 19705. These functions provided a good fit for the data as measured by the coefficient of determination. However, concerns have been raised that these polynomial production functions do not illustrate the yield response of nitrogen fertilizers in the best possible way.
Among the first to criticize the use of the quadratic form for estimating crop response were Anderson and Nelson (1975) . According to these authors, the quadratic production function may result in costly biases in the levels of optimal fertilizer rate, and may also generate a potential pollution problem. Anderson and Nelson proposed "a family of linear-plateau models, consisting of intersecting straight lines, which exhibit a plateau effect." The linear-plateau implies a region of linear response, with possibly several slopes, and a plateau which represents a level where the crop response is evening out and becomes almost flat. An implication of the linear-plateau models is that the estimated production function is kinked. Helland and Aast-VEIT (1992) show that it is extremely difficult to determine the location of the kink(s). Lanzer and Paris (1981) showed the Mitscherlich type of response function to outweigh the polynomial specifications in estimating wheat-soybean crop response for nitrogen in Brazil. At the same time they criticized fertilizer recommendations based on polynomial functions and noted that recommendations of nitrogen could be reduced by 10-50%. Graphically a Mitscherlich specification seems to be a hybrid between the kinked linear-plateau models and polynomial specifications. The Mitscherlich functional form as well as the polynomial specifications are presented in Figure 1 . Ackello-Ogutu et al. (1985) found that a von Liebig function of the form While rejecting the notion of total nonsubstitutability between N and P, Frank et al. (1990) claimed that a Mitscherlich-Baule model represented by (11) will recognize a plateau:
In their analysis they used the same well-known fertil izer/crop yield data sample as HEADY et al. (1955) . Applying a nonnested hypothesis testing framework, both the quadratic and the von Liebig model were rejected in favor of the MitscherlichBaule model. Their conclusion was that neither a polynomial nor a von Liebig functional form should be applied a priori since the MitscherlichBaule model performed better. Paris (1992b) Table 3 ).
showed that a von Liebig non-linear production function with Mitscherlich regimes was superior over quadratic, square root, Mitscherlich-Baule and linear von Liebig production functions on the basis of the same Heady-Pesek data analyzed by Frank et al. (1990) The (non-linear) von Liebig model with Mitscherlich regimes outperformed all other models, based on both a pairwise specification (the P-test) and a collective test (J-test). The optimal value of nitrogen fertilization was 177 lbs per acre (199 kg N/ha) using a quadratic function and 115 lbs per acre (129 kg N/ha) based on the non-linear von Liebig function. Optimal phosphorus (P) fertilization based on the quadratic function was 176 lbs per acre (198 kg P/ha) and only 91 lbs per acre (102 kg P/ha) based on the non-linear von Liebig function. The overestimation of the economic optimum based on polynomial function seemed to be substantial (Paris 1992 b) .
Taking into account the criticism raised concerning the use of polynomial production functions for estimating nitrogen fertilization responses, it seems possible that the use of quadratic or square root production functions often leads to overestimated amounts of profit maximizing nitrogen levels. The advancement in computational techniques has facilitated the estimation of functions with a higher degree of sophistication, for instance, non-linear functions for one or several inputs.
If the response to two or more inputs were to be estimated, a nonlinear von Liebig functional form with Mitscherlich regimes may be the most appropriate according to Paris (1992b) . In such a case one fundamental econometric condition needs to be fulfilled: the two inputs cannot be linear combinations of each other. If this requirement is not met, only one of the inputs can be included in the production function.
Unfortunately, some experiments carried out under Finnish conditions have used composite fertilizers, where nitrogen, phosphorus and potassium are perfect linear combination of each other (for instance when N-P-K is 20%, 4%, 8%). Because of this perfect collinearity between the inputs in the experimental data for spring wheat and barley from Tikkurila 1969-1980 only the crop response from one of the nutrients can be included in the production function. This makes the estimation of a nonlinear von Liebig function with two nutrients impossible on the basis of the data that has been available to the author. The purpose of this paper is, therefore, to estimate the crop response to one input, nitrogen. Both the Mitscherlich-Baule and the non-linear von Liebig production functions with Mitscherlich regimes are actually extensions of Mitscherlich's specification for one nutrient. Like many agicultural economists have noted, the response curves tend to be quite flat on the top (Perrin 1976 ).This can be interpreted as a restatement of "the law of the minimum" formulated by von Liebig. The law states that "the yield of any crop is governed by any chance by its scarcest factor, called the minumum factor, and as the minimum factor is increased the yield will increase in proportion to the supply until another becomes the minimum" (Redman and Allen 1954) . This implies absence ofnutrient substitution. A polynomial specification like the quadratic or the square root specification, on the other hand, implies substitution beteween inputs and does not, therefore, comply with the von Liebig principle (Lanzer and Paris 1981) .
On the basis of the theory provided by von Liebig, the Mitscherlich form of the production function will lead to more correct estimates than polynomial functions. Testing if the Mitscherlich functional form for the nitrogen crop response leads to more believable estimates of the nitrogen response than those based on the quadratic and the square root functions is therefore equal to a test of von Liebig's hypothesis. In the testing procedure the parameter estimates from the Mitscherlich production function will be compared to parameter estimates from quadratic and square root functional forms by nonnested tests. In order to rigorously test which functional form is more correct, the alternative hypotheses for functional forms will be tested against each other using the J-test, a nonnested test. The J-test seems to have become one of the most commonly used nonnested tests since it was first suggested by Davidson and MacKinnon (1981) . Descriptions of the J-test can be found in most of the recently published advanced econometric textbooks, eg. Kmenta (1986) and Greene (1993) .
Mitscherlich functional form and maximum likelihood estimators Mitscherlich was the first agriculturist to suggest a nonlinear production relation between nutrient input and yields (Heady and Dillon 1961 The yield level approaches asymptotically a plateau I evel, m, when x-> «>. m is therefore the maximum attainable yield given weather and soil conditions. The parameter k is a parameter describing the rate at which marginal yields decline. Dummies are added to take into account annual variations (Di...D n ) and technology (Dt) . The FOC/SOC conditions for profit maximization are presented in table 1. As no other plant nutrients enter the crop response function, their availability is implicitly assumed to be nonlimiting.
The Mitscherlich form of the production function is nonlinear in the parameters, and it is therefore convenient to estimate by maximum likelihood estimation procedures. The resulting maximum likelihood estimators (MLE) are characterized by some desirable large-sample properties. The estimators are consistent, asymptotically normally distributed and asymptotically efficient.
Taking logarithms of both sides of (12) will yield (13) In y=ln m + ln((l-ke'^x) + ZBiDi + stDt
The estimated residuals in the non-logarithmic form will be and the adjusted coefficient of determination R adj. is
n-k
The Mitscherlich specification was estimated through the MLE procedure. The quadratic and square root production functions were estimated by OLS. All estimates of m, k, (i, si, ct 2 and R 2 were calculated using the SHAZAM version 7.0 econometrics computer program.
Data
The sample of experimental data used for the estimation of nitrogen fertilizer crop response consists of pooled cross-sectional and time-series data from fertilizer experiments with spring wheat and barley at the experimental fields of the Agricultural Research Centre in Tikkurila in 1969 -1980 (ESALA and Larpes 1984 . Five equally spaced treatments were applied to 108 experimental plots: 0, 50, 100, 150 and 200 (kg N/ha). Experiments were carried out at two different types of soils: fine sand clay and loam clay. Two different fertilization technologies were used: top dress fertilization and fertilizer placement. Observations on yield levels were recorded for each year, intensity level, soil type and technology. Thus the pooled data consisted of 108 observations of yield levels for both spring wheat and barley on two different soil types. The average yields were: wheat 3679.4 kg/ha on fine sand clay and 3228.4 kg/ha on loam clay, barley 4160.7 kg/ha on fine sand clay and 3712.2 kg/ha on loam clay.
The annual variations in the data were large. The year 1973 represented low yields because of drought, especially for barley. In some cases yields were extremely low, e.g. only 110kg/ha. In order to take into account annual differences, eleven annual dummies were introduced. In addition, one dummy for technology was added according to (8) , (9) and (12) since a different technology (top dress fertilization respectively fertilizer placement) was used for every second plot. The data were scaled in order to decrease errors in the computational procedure (N-input was scaled to 0-20, yields to 1-99).
Of the four data series, two seem to have been used by Heikkilä (for the period 1969-1978) in estimating the crop response of spring wheat and barley using a quadratic form similar to model (10). This was confirmed by OLS regressions for the period 1969 -1978 (cf. Heikkilä 1980 .
Results
The results for the estimated Mitscherlich function (12) as well as the square root functional form (9) and quadratic functional form (8) for wheat and barley yield on two different soil types are presented in tables 2,3, 4 and 5.
Initially the specification included no dummies. Since annual variations are known to be important and since they increased the conventional criterion of improving the adjusted coefficient of determination R adj., eleven annual dummies were included. Furthermore, a technology dummy was included.
The parameter estimates that determine the yield level (and nitrogen application doses) are significant at a = 0.005 for all three functional forms in most cases. In fact, for both the Mitscherlich functional form and the quadratic form, the parameter estimates of m, k, p i p 2 and (is are all significant at a = 0.005 in all cases. For the square root functional form. Pi and p 2 are also significant at a = 0.005 for all four data series, whereas ps only is significant at a = 0.005 for two of the data series. For the square root form p.s is insignificant in one case (spring wheat on fine sand clay) and significant only at a = 0.05 in another case (barley on fine sand clay). T-ratios for the annual dummies B|-8n and the technology dummy are higher for both polynomial forms than for the Mitscherlich form of the production function. The technology dummy is positive in Table 3 . Estimation results for spring wheat on loam clay. The estimate of error variance, a , is clearly lower for the Mitscherlich form of production func- 
Hypothesis testing
In order to determine which of the three specifications is the most appropriate model, they were tested against each other using a nonnested hypothesis test. A simple way to test two nonnested alternative, possibly nonlinear models, f(x) and g(x), is the following J-test proposed by Davidson and MacKinnon (1981) , where a compound model of f(x, 8) and g(x, d>) is tested: and ag(x, <(>). If Ho: a = 0 is rejected by a conventional asymptotic t-test, this implies that fix) is rejected over g(x). IfHo: a = 0 is insignificant, fix) is not rejected. The order of both functions should be reversed. It is possible for both functions to reject each other. Therefore, all three rival models, quadratic, square root and Mitscherlich are tested against each other, which implies six different tests for each crop and soil, 24 tests altogether. A description of the J-test can be found in econometrics textbook, e.g. Kmenta (1986) or Greene (1993) .
The nonlinearregression carried out in the estimation of the Mitscherlich functional form as well as in the nonnested hypothesis testing is based on an iterative process which is sensitive to changes in the starting value given to a. The significance of the J-test statistic is in many cases dependent on the initial starting value. The criterion for choosing a correct starting value for a is therefore to choose a value of a which maximizes the log-likelihood function. Several starting values were given in each case to be certain that a maximum of the loglikelihood function was achieved. The J-tests were carried out by the SHAZAM version 7.0 computer program. The results from the J-test are presented in Table 6 . Based on the J-test, the performance of the Mitscherlich functional form seems to be preferred in the barley response analysis, followed by the square root and in the last place by the quadratic form. The analysis of spring wheat response is not as clear. The Mitscherlich functional form is rejected for wheat on fine sand clay (at a 5% and a 1 % risk level). Remarkable is that the Mitscherlich functional form does not reject either of the polynomial forms for wheat.
If one considers both crops, the quadratic form is rejected in six out of eighth cases. The square root form is also rejected in six out of eighth cases. The Mitscherlich functional form is only rejected in two out of eighth cases. It must be added that the polynomial forms both reject each other in all cases. The Mitscherlich form, however, rejects the quadratic and the square root form in all barley cases. The Mitscherlich form is not rejected in any case for the barley response.
Consequently, the hypothesis of the Mitscherlich functional form being superior to the quadratic functional form only seems to be confirmed in the barley crop response by the nonnested hypothesis testing. However, the results from the spring wheat nitrogen response do not lead to the same conclusion. The nonnested hypothesis testing does not establish the Mitscherlich functional form as superior to the polynomial form on the basis of the spring wheat analysis since the Mitscherlich function was not able to reject the polynomial forms. The square root form is, on the other hand, rejected by the quadratic form and vice versa.
One reason for the different results concerning wheat and barley may be that the stability of the J-statistic and of the log-likelihood function seems to be affected by some outlieryears. That 1973is an outlier year is confirmed by looking upon the original data. Therefore the whole estimation procedure was repeated leaving out this particular year. When the nonnested hypothesis testing was repeated, the J-test statistics proved to be more stable with regard to starting value of a. For instance, the Mitscherlich function for wheat on fine sand clay was not rejected by the quadratic function when this year was left out.
Optimal fertilizer level
The optimal fertilizer levels for profit maximization stipulated by the first order conditions of profit maximization for each of the functional forms are summarized in Table 7 . The prices of wheat and barley used in the calculation were the average realized producer prices of 1991 (FIM/kg 2.22 resp. FIM/kg 1.58). The price of nitrogen FIM/kg 4.90) was calculated as a weighted average of the monthly prices and purchases of ammonium nitrate (27.5% N). The nitrogen price included a tax on nitrogen (FIM 0.28/kg N). Second order conditions for a maximum were satisfied in all cases.
Contrary to the assumptions and findings of other scholars, the optimal nitrogen application doses estimated with a Mitscherlich specification were higher than with a quadratic polynomial specification in all of the cases. The optimal fertilization application doses estimated on the basis of the quadratic polynomial form were between 57% and 96% lower than when estimated on the basis of the Mitscherlich form. The initial assumption concerning an excessive bias by the use of the quadratic form was therefore not confirmed. Thus the profit maximizing nitrogen application doses estimated by Heikkilä and updated by Laurila do not seem overestimated.
The optimal application doses were the highest for the square root form. In the two cases in which all parameter estimates determining nitrogen application doses were significant at a level of a = 0.005 the optimum application doses estimated on the basis of the square root form were between 146% and 217% higher than the nitrogen application doses estimated by a quadratic form. The high optimal fertilizer doses estimated by the square root form seem to be an outcome of negative and small p 3 coefficients, which are very sensitive to changes in the data. The extremely high estimate of optimal nitrogen application doses for wheaton fine sand clay soils (2462.3 kg N/ha) is an outcome of a very low, insignificant parameter estimate of P -The corresponding parameter estimate of P 3 for barley on fine sand clay is accepted at a = 0.05, which implies a 5% risk. The optimal nitrogen application dose estimated by the square root form remains very high (859.8 kg N/ha) in this case.
On loam clay soils both P 3 are accepted at a significance level a = 0.005, and profit maximizing nitrogen doses estimated by the square root form are, while being high, closer to the other estimates of the other specifications.
Increasing the nitrogen fertilizer price by 100% or decreasing the producer price by 50% will result in the same optimal nitrogen doses since the profit function is linearly homogenous, n (tp, tw) = t7t(p, w). The reductions in optimal nitrogen application doses as a result of a 100% increase in the price of the nitrogen fertilizer, a 50% decrease of the producer price or both measures is presented in Table 8 .
According to the Mitscherlich form of the production function, a 100% nitrogen price increase or a 50% reduction ofproducer prices will lower opti- 
Conclusion
This article has shown that in estimating the form of the nitrogen response the Mitscherlich specification proved superior in the crop response for barley. With respect to the crop response for wheat no specification could be established superior. The results can be summarized as follows: the quadratic function, the square root function and the Mitscherlich function all produced highly significant parameter estimates. The estimate of the error variance was lower for the Mitscherlich functional form in all cases. Consequently, the coefficient of determination was also higher. In order to establish which functional form is the most appropriate, a nonnested hypothesis test was carried out. As a result of the 24 tests, the quadratic and square root functions were both rejected in six out of eight cases. The Mitscherlich function was only rejected in two out of eighth cases. In the barley response analysis the Mitscherlich functional form was superior to both other functional forms by all central criteria. The law of the minimum proposed by von Liebig, which implies absence of nutrient substitution, was therefore confirmed by the barley response analysis. In the spring wheat response analysis the Mitscherlich function did not, however, reject the polynomial forms in spring wheat response analysis and could not be established as superior to polynomial forms. Efforts to determine the appropriate form of the crop response based on cross-sectional data is likely to avoid the problems connected with outlier years encountered in this study, which was based on time series. A secondary purpose of this paper was to evaluate whether the profit maximizing nitrogen application doses differ substantially between the specifications. The results show that, in spite of significant parameter estimates for all three specifications, in most of the cases the profit maximizing doses differed substantially. Contrary to initial assumptions, fertilizer recommendations based on quadratic functional forms were not found to lead to excessive fertilizer recommendations relative to the other two functional forms. In the estimation of the most economic fertilizer doses the Mitscherlich specification lead to higher fertilizer recommendations than the quadratic specification. The square root functional form lead to still higher optimal nitrogen application doses than both the quadratic and the Mitscherlich specification. Small variations in parameter estimates produced large variations in estimated profit maximizing fertilizer doses so the high absolute profit maxizing level may have been due to the particular data sets. The large variation in the absolute levels of profit maximizing nitrogen application confirmed that a different approach is needed for the estimation of optimal nitrogen application levels to be used for extension purposes.
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